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 The Lattice of Pieri
 S UNGSOON K IM
 Many properties of symmetric functions are related to properties of the set of partitions , as a
 lattice .
 In this paper we give properties of the remarkable distributive sublattice associated with
 Pieri’s formula , which expresses the multiplication of a Schur function by an elementary
 symmetric function , or the intersection of a Schubert cycle by a special one .
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 1 .  I NTRODUCTION
 The ring of symmetric functions admits a linear basis consisting of Schur functions .
 The multiplicative structure of this ring can be recovered from Pieri’s formula , as
 shown by Giambelli [1] at the beginning of the century . In particular , Pieri’s formula
 implies dif ferent determinantal expressions of Schur functions .
 Instead of symmetric functions , one can also take the Grothendieck ring of classes of
 representations of the linear group over  C : Pieri’s formula now expresses the
 decomposition into irreducibles of the tensor product of an irreducible representation
 with a fundamental representation . The important fact is that there are no multiplicities
 in this decomposition .
 The first occurrence of this formula was in geometry . Indeed , Pieri was a
 geometrician who found in 1873 that the intersection of a Schubert subvariety of a
 Grassmann variety with a special Schubert variety (i . e . corresponding to a partition  n
 or 1 n ) is linearly equivalent to a sum of Schubert variety .
 An example of Pieri formula is given below in Figure 2 . It can be interpreted as
 expressing the product of Schur functions :
 S 1 3 4 S 2  5  S 1 3 6  1  S 1 4 5  1  S 2 3 5  1  S 2 4 4  1  S 1 1 3 5  1  S 1 1 4 4  1  S 3 3 4  1  S 1 2 3 4  .
 or the decomposition of the tensor product of representations of  Gl ( C m ) , n  >  4 :
 S 1 3 4  ^  S 2  .  S 1 3 6  %  S 1 4 5  %  S 2 3 5  %  S 2 4 4  %  S 1 1 3 5  %  S 1 1 4 4  %  S 3 3 4  %  S 1 2 3 4 .
 or the intersection of Schubert varieties (evaluated in the cohomology ring of a
 Grassmaniann variety) :
 S 1 3 4  >  S 2  ;  S 1 3 6  1  S 1 4 5  1  S 2 3 5  1  S 2 4 4  1  S 1 1 3 5  1  S 1 1 4 4  1  S 3 3 4  1  S 1 2 3 4 .
 Indeed , many combinatorial properties related to Pieri’s formula are a consequence
 of the fact that the partitions appearing in this formula constitute a sublattice . We shall
 develop such properties in this paper .
 Pieri’s formula has been generalized to flag varieties for the linear group [4 , formula
 2 . 2] ; there are still no multiplicites for this generalized case too . In that extension , the
 combinatorics of the symmetric group has replaced the combinatorics of partitions .
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 Sottile [8] has given a geometrical proof of Pieri’s formula .
 2 .  T WO O PERATIONS ,  < r  AND  \ r ,  ON P ARTITIONS
 Let  P  5  h  p r  <  p r 2 1  <  ?  ?  ?  <  p 1 j  and  Q  5  h q r  <  q r 2 1  <  ?  ?  ?  <  q 1 j  be partitions of a
 positive integer  n .  We say that  P majorizes Q ,  denoted as ‘ P  >  Q ’ ,  if  p r  >  q r  ,
 p r  1  p r 2 1  >  q r  1  q r 2 1 ,  .  .  .  ,  p r  1  ?  ?  ?  1  p r 2 i  >  q r  1  ?  ?  ?  1  q r 2 i ,  etc . We also use vector
 notation for convenience , i . e .  P  5  ( .  .  .  ,  p i 1 1 ,  p i  ,  p i 2 1  .  .  . )  : 5  .  .  .  p i 1 1  p i  p i 2 1 as well as the
 Ferrers diagram . This order is usually called the  natural order  on partitions of a given
 weight [5] .
 The  length  of the partition  P  will be denoted by  l ( P ) .  The  conjugate  of a partition  P
 is the partition  P ,  the diagram of which is the transpose of the diagram of  P ,  i . e . the
 diagram obtained by reflection through the main diagonal [5] . For a fixed positive
 integer  n ,  let  3 ( n ) be the partially ordered set (with the above order) consisting of all
 the partitions of  n .  This set has many interesting combinatorial properties . It is a lattice
 with top element 1 n  and bottom element  n .  It is self-dual under the map which sends
 each partition  P  to its conjugate  P , .
 The  cumulated sum P  ¸   of  P  is the infinite vector  J  5  .  .  .  J 3 J 2 J 1  ,  with  J k  5  o i > k  p i  .
 Note that the order of majorization ‘ > ’ in  3 ( n ) defined above can be written
 equivalently as follows :  P  >  Q  if f the cumulated sum  P  ¸   of  P  dominates  Q  ¸
 component-wise . Let MAX( V ,  W  ) (respectively , MIN( V ,  W  )) be the component-wise
 maximum (respectively , minimum) of two infinite vectors  V  and  W .  The fact that the
 MAX of two cumulated sums is a cumulated sum of a partition can be verified by the
 fact that a vector  V  is the cumulated sum of a partition if f  V i  2  V i 2 1  <  V i 1 1  2  V i  ( i  >  2)
 (i . e . 2 V i  <  V i 1 1  1  V i 2 1 ; this is a convexity condition) . Both vectors  P  ¸   and  Q  ¸   satisfy
 this condition : Since 2 y  <  z  1  x  and 2 y 9  <  z 9  1  x 9 implies 2  MAX(  y ,  y 9 )  <
 MAX( z ,  z 9 )  1  MAX( x ,  x 9 ) ,  MAX( P  ¸  ,  Q  ¸  ) satisfies the condition of convexity . Thus
 there exists a partition  K  in  3 ( n ) such that  K  ¸  5  MAX( P  ¸  ,  Q  ¸  ) .
 The lattice structure is now defined as follows : for each pair  P , Q  of  3 ( n ) ,
 SUP( P ,  Q )  is the partition  K  such that its cumulated sum  K  ¸   is the MAX
 (component-wise) of  P  ¸   and  Q  ¸  . One defines a second operation , INF , as the image of
 the SUP operation under conjugation of partitions : INF( P ,  Q )  5  K  ï  SUP( P , , Q  , ))  5
 K , .  In other words , INF( P ,  Q )  5  (SUP( P , ,  Q  , )) , .
 Note that the component wise MIN of  P  ¸   and  Q  ¸   is not necessarily the cumulated
 sum of a partition . For example , take  P  5  11226 and  Q  5  1344 .  Their cumulated sums
 are  P  ¸  5  1246c and  Q  ¸  5  148c where c is the number 12 . The MIN of those cumulated
 sums is 1146c . This is the cumulated sum of 0326 , which is not a partition . This is why
 INF( P ,  Q )  should be defined by using SUP of  P ,  and  Q  , .
 There exists another lattice structure on the set of partitions of all  n ,  which
 corresponds to inclusion of diagrams , or component-wise comparison (e . g . [00012]  Õ
 [00245]) .
 D EFINITION 2 . 1 .  For each partition  P ,  we define  P  <  r  as the partition obtained by
 adding to  P  one supplementary part equal to  r .  Conversely , we define  Q  \ r  5
 INF h P  P  3 ( n  2  r )  3  Q  <  P  <  r j  for each partition  Q  in  3 ( n ) (see Figure 2 below) .
 Both morphisms ( < r )  :  P  5  P  <  r  and ( \ r )  :  P  5  P  \ r  are compatible with the inclusion
 order . ( < r ) is injective , ( \ r ) is surjective and ( < r )  +  ( \ r ) is the identity .
 From this , we have ( P  <  r ) \ r  5  P ; in other words ,  \ r  is the right inverse of  < r .  On
 The lattice of Pieri  419
1133
233 1124
224
134
44 125
P
1115
123
33 114
24
24
24 15
P \ r
114
1223
233 1124
224
224
224 125
1124
(P \ r) Ûr
 F IGURE 1 .  Composition of operators : ( \ r ) and ( < r ) .
 the other hand , the composite ( \ r )  +  ( < r ) is an increasing morphism , as we can see in
 the example shown in Figure 1 .
 Let us mention that the operations  P  5  P  <  r  and  P  5  P  \ r  occur in the com-
 binatorics of Hall – Littlewood polynomials , which are a  q -generalization of Schur
 functions .
 L EMMA 2 . 2 .  Let Q  P  3 ( n )  and let k , r be the positi y  e integers such that q k 1 1  ,  r  <  q k .
 Then Q  \ r is the partition obtained by replacing the two consecuti y  e parts q k and q k 1 1  by
 a unique part equal to q k  1  q k 1 1  2  r  ( 5 s ) .
 P ROOF .  First of all , since  q k 1 1  ,  r  <  q k  ,  the replacement of the two parts  q k  and
 q k 1 1  by a part  s  gives a partition . Let us call it  P .  We need to prove that  P  is the
 partition  Q  \ r  from the definition .
 By construction ,  P  <  r  then becomes the partition obtained by replacing in  Q  the
 parts  q k 1 1 q k  by  sr  if  r  <  s  (or by  rs  if  r  .  s ) .  Now , since the morphism  Q  5  Q  <  r  is
 injective , the claim is equal to saying that  P  <  r  5  INF h Q 9  P  3 ( n ) ( r )  3  Q  <  Q 9 j ,  where
 3 ( n ) ( r )  denotes the subset of  3 ( n ) having at least one part equal to  r .
 We can see easily that  P  <  r  >  Q ,  with equality if f  q k  5  r ; that is , if f  Q  P  3 ( n ) ( r ) .
 Thus we just need to prove that  Q 9  .  Q  implies  Q 9  <  r  >  Q  <  r  where the equality
 holds if f  q 9 i  5  q i  for all  i  ?  k , k  1  1 .  This can be proved by comparing the cumulated
 sums  Q 9 ¸   and  Q  ¸   for each  Q 9  .  Q ,  which are dif ferent only in the two indices , say  i , j
 (  j  .  i )  with the following three possible cases for such indices :  j  >  i  >  k  1  1 ;  j  >  k  1  1 ;
 k  >  i , k  >  i , j .  h
 (For an example , see Figures 2 and 4 below . )
 D EFINITION 2 . 3 .  Given a partition  P  and a positive integer  r ,  we define the  Pieri set
 h P  ^  r j  to be the set of partitions  Q  such that
 ?  ?  ?  <  p j  <  q j  <  p j 2 1  <  ?  ?  ?  <  p 2  <  q 2  <  p 1  <  q 1  and  u Q u  5  n  1  u P u .
 Now Pieri’s formula (see [1] and [3]) reads as follows . Let  r  be a positive integer and
 P  a partition . Then
 S r S P  5  O
 Q P h P  ^  r j
 S Q .
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1234 (1100,1222)
(1010, 1122)
1144
(1001, 1112)
1135
334
(0200,0222)
(0110, 0122)  244
235
145
136
(0101, 0112)
(0011, 0012)
(0002, 0002)
 F IGURE 2 .  h 134  ^  2 j  with ( D ,  D  ¸  ) and  K  \ r .
 K  K  \ 2
 1234
 1144
 334
 1135
 244
 235
 145
 136
 1(2  1  3  2  2)4  5  134
 1(1  1  4  2  2)4  5  134
 (0  1  3  2  2)34  5  134
 1(1  1  3  2  2)5  5  125
 (0  1  2  2  2)44  5  44
 (0  1  2  2  2)35  5  35
 (1  1  4  2  2)5  5  35
 (1  1  3  2  2)6  5  36
 In other words , the partitions in  h P  ^  r j  are all the partitions obtained by adding  r
 boxes to the diagram of  P  horizontally , i . e . with no two boxes in the same column [5] .
 E XAMPLE 2 . 4 .  h 134  ^  2 j  (see Figure 2) .
 T HEOREM 2 . 5 .  Let P  P  3 ( n )  be a partition and r a positi y  e integer . Then the set
 h P  ^  r j is a distributi y  e sublattice of the lattice  3 ( n  1  r ) . Its maximum element is P  <  r
 and its minimum element is the partition  ( ?  ?  ?  p 3  p 2 (  p 1  1  r )) , i .e . the partition obtained
 from P adding the r boxes to the bottom row of the Ferrers diagram of P .
 P ROOF .  Let  Q  be a partition in  h P  ^  r j  and let  D  : 5  Q  2  P  5  ( ?  ?  ?  q 3  2  p 3  ,  q 2  2
 p 2  ,  q 1  2  p 1 ) .  Let us denote the  i th part of  D  by  D i .
 The condition in Definition 2 . 3 translates into Pieri’s conditions :
 D j  >  0 ,  O  D j  5  r ,  p j  2  p j 1 1  >  D j 1 1  (  j  >  1) .
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 By considering the cumulated sum  F  5  D  ¸  5  Q  ¸  2  P  ¸  ,  these conditions are equiv-
 alent to saying that
 F 1  5  r ,  F j 1 1  <  F j  ,  F j 1 1  <  p j  (  j  >  1) .
 with the convention that  p j  5  0 for large enough  j  in the last inequality of the
 conditions .
 We consider the set  ^  5  ^  ( P ,  r ) of sequences  F  satisfying the above conditions . We
 claim that  ^   is a distributive lattice with the distributive operations SUP and INF . First ,
 we see that its minimal element is  F  9 such that  F  9 1  5  r  and  F  9 j  5  0 for  j  >  2 .  Its maximal
 element is  F  0  such that  F j 0  5  p j  if  p j  <  r  and  F  0 j  5  r  otherwise .
 Associating to each  F  P  ^   the unique sequence  D  such that  F  5  D  ¸  , we have a
 morphism  F  5  P  1  D  from the lattice of  ^   to  3 ( n ) .  It sends MAX to SUP and MIN to
 INF . Hence , we see that  h P  ^  r j  is a distributive sublattice of  3 ( n ) .
 So , to find the supremum of  h P  ^  r j ,  we have to find the MAX of  ^  .  We just need to
 check if  D  5  ( P  <  r )  2  P  satisfies the following conditions :  D j  5  p j  2  p j 1 1 : (  p j  <  r ) ;
 D j 1 1  5  r  2  D
 ¸
 j   for the largest (or biggest) index  j  such that  p j  .  r  and  D j  5  0 otherwise .
 This condition shows that  F  5  D  ¸   is the MAX in  ^  .  Finding INF( h P  ^  r j ) is immediate .
 h
 By conjugation , one defines also the set  P  ^  h 1 r j  to be  h Q ,  3  Q  P  h P ,  ^  r jj .
 E XAMPLE 2 . 6 .  See Figure 3 .
 P ROPOSITION 2 . 7 .  The fiber in P of the morphism  \ r , i .e . the set of partitions Q such
 that Q  \ r  5  P , is a subset of  h P  ^  r j  formed by two chains of consecuti y  e elements the
 intersection of which is the partition P  <  r .
 P ROOF .  Let  R  5  P  <  r  and let  j  be the largest index such that  R j  5  r .  From Lemma
 2 . 2 ,  R  \ r  5  P .  The partitions  Q  ?  R  such that ( Q  \ r )  <  r  5  R  are the partitions satisfying
2224 1333
11233
1234
223311224
12223
111223
334
235
1234
244
145
136
1144
1135
 F IGURE 3 .  h P  ^  r j  and  h P ,  ^  1 r j .
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12579
12489 1256X116793579
2679 3489 356X 11589 1166X 12399 1247X 1255Y
 F IGURE 4 .  The fiber of  P  5  1279 in  h 1279  ^  5 j  ( X  denotes the interger 10 and  Y  denotes 11) .
 either  Q j 1 1  5  s  1  p  <  Q j  5  r  2  p  (when  s  5  P j 1 1 ) or  Q j  5  r  1  p  <  s  1  p  ( s  5  P j 2 1 ) for an
 integer  p  >  1 .  Each of these two cases is a decreasing sequence and hence , by
 examining the sequences  Q  2  P ,  one can verify that the elements belong to  h P  ^  r j .
 h
 E XAMPLE 2 . 8 .  See Figure 4 : the two chains of partitions  Q  such that  Q  \ r  5  P  are
 12579  2  12489  2  12399 and 12579  2  11679 . The partitions such that  Q  \ 5  5  1279  5  P  are
 put inside a box . Note that 3579 \ 5  5  379 , 1256 X  \ 5  5  126 ,  2679 \ 5  5  379 ,  3489 \ 5  5  379 ,
 356 X  \ 5  5  36 X ,  11589 \ 5  5  1189 ,  1166 X  \ 5  5  126 X ,  1247 X  \ 5  5  117 and 1255 Y  \ 5  5  125 Y ,
 while 12579 \ 5  5  11679 \ 5  5  1279 , 12489 \ 5  5  1279 and 12399 \ 5  5  1279 (here ,  X  denotes
 the integer 10 and  Y  denotes 11) .
 R EMARK 2 . 9 .  The index in the proof of Proposition 2 . 7 is the smallest index such
 that  P j  ,  r .  We can also characterize the fiber in  P  of the morphism  \ r  as the set of  Q
 such that  Q  2  P  5  D ,  satisfying the relation in the proof of Theorem 2 . 5 and the
 following supplementary conditions :
 D i  5  0  for  i  ,  j  2  1 ,
 D j 2 1  5  0  or  D j 1 1  5  P j  2  P j 1 1 ,  D i 1 1  5  P i  2  P i 1 1  for  i  >  j  1  1 .
 C OROLLARY 2 . 10 .  Let n , r be two positi y  e integers , and denote by  w  the morphism  \ r .
 For P  P  3 ( n ) , let  ^  ( P )  be the set of partitions Q  P  3 ( n  1  r )  such that for some j , Q is of
 the following form :
 ?  ?  ?  p j 1 2  p j 1 1  q j 1 1 q j  p j 2 1  p j 2 2  ?  ?  ?  p 2  p 1  .
 Then the set  w 2 1 ( P )  >  h P  ^  r j  is equal to  h ( P  <  r ) j  <  ^  ( P ) .
 In Figure 4 , there are only three partitions satisfying the conditions in Corollary 2 . 10 ;
 that is , 1 1679 , 12 489 and 12 399 .
 Finally , we state a property showing the compatibility of the operations  \ p  and  ^  r .
 L EMMA 2 . 11 .  Let r  P  h P  ^  r j  and p an integer  <  P 1  . Then Q  \ p  P  h ( P  \ p )  ^  r j .
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